We present the details of simulations for the light hadron spectrum in quenched QCD carried out on the CP-PACS parallel computer. Simulations are made with the Wilson quark action and the plaquette gauge action on lattices of size 32 3 ϫ56-64 3 ϫ112 at four values of lattice spacings in the range aϷ0.1-0.05 fm and spatial extent L s aϷ3 fm. Hadronic observables are calculated at five quark masses corresponding to m PS /m V Ϸ0.75-0.4, assuming the u and d quarks are degenerate, but treating the s quark separately. We find that the presence of quenched chiral singularities is supported from an analysis of the pseudoscalar meson data. The physical values of hadron masses are determined using m , m , and m K ͑or m ) as input to fix the physical scale of lattice spacing and the u, d, and s quark masses. After chiral and continuum extrapolations, the agreement of the calculated mass spectrum with experiment is at a 10% level. In comparison with the statistical accuracy of 1%-3% and systematic errors of at most 1.7% we have achieved, this demonstrates a failure of the quenched approximation for the hadron spectrum: the hyperfine splitting in the meson sector is too small, and in the baryon sector the octet masses and mass splitting of the decuplet are both smaller than experiment. Light quark masses are calculated using two definitions: the conventional one and the one based on the axial-vector Ward identity. The two results converge toward the continuum limit, yielding m ud ϭ4.29 (14) 
the first error is statistical and the second one is systematic due to chiral extrapolation. The s quark mass depends on the strange hadron mass chosen for input: m s ϭ113.8(2.3) Ϫ2. 
I. INTRODUCTION
The theoretical derivation of the light hadron spectrum from the first principles of quantum chromodynamics ͑QCD͒ is a fundamental issue in our understanding of the strong interactions. The binding of quarks due to gluons cannot be treated perturbatively, and numerical simulations based on the lattice formulation of QCD, therefore, provide a unique means to approach this problem.
The calculation of the hadron spectrum is made for given quark masses, and hence it in turn enables us to determine the light quark masses, which are the fundamental parameters of QCD. The dynamical scale ⌳ of QCD is determined by measurements of lattice spacing a as a function of the bare coupling constant. Lattice QCD also provides us with a method to explore the chiral structure, which is approximately realized in the real world. A further subsidiary verification of QCD may include the examination of the decay matrix elements against experiment. Lattice QCD simulations, however, are computationally demanding, particularly when the effects of dynamical quarks are to be included. Therefore, since the pioneering attempts in 1981 ͓1,2͔, the majority of lattice QCD simulations have been made within the quenched approximation in which pair creation and annihilation of sea quarks are ignored. In fact, such calculations have given hadron spectrum in a gross agreement with experiment, but clear understanding has not been achieved yet as to where this approximation would break down. In order to study this point, a calculation with a much higher precision is needed. Such a highprecision study requires accurate controls of a number of systematic errors, which is not an easy task even within the quenched approximation. The origins of systematic errors include finiteness of lattice size, coarseness of lattice spacing, and extrapolations in quark masses from relatively large values.
The work of the GF11 Collaboration carried out in 1991-1993 ͓3͔ has advanced the control of systematic errors from a finite lattice spacing and a finite lattice size. Taking advantage of a large computing power, the GF11 Collaboration calculated the light hadron spectrum with three sets of coupling constants and three different lattice sizes at one coupling constant, which is used to take the continuum limit and estimate finite lattice effects. They claimed that the resulting spectrum is in agreement with experiment within 6%, the difference for each hadron being within their errors.
We feel that their results need a further verification by an independent analysis, since we consider that their conclusions depend crucially on the error estimate at simulation points and on a rather long chiral extrapolation from the region of the pseudoscalar to vector meson mass ratio m PS /m V ϭ0.9-0.5. Another issue is that GF11 simulations were made only for degenerate quarks. Masses of strange mesons and decuplet baryons were estimated using mass formulas, while strange octet baryons were not calculated.
We have embarked on a program to push the calculation of the quenched light hadron spectrum beyond that of the GF11 Collaboration to answer the posed problems. We have aimed at achieving a precision of a few percent for statistical errors and reducing systematic errors to be comparable to or smaller than statistical errors. Taking the Wilson quark action and the plaquette gluon action, simulations are made with lattices of physical spatial size L s aϷ3 fm for the range of aϷ0.1-0.05 fm. The smallest value of m PS /m V is lowered to Ϸ0.4. We take advantage of the recent development of quenched chiral perturbation theory ͑QPT͒ ͓4,5͔, which suggests to us the form of chiral extrapolations. We assume that the light u and d quarks are degenerate, but the heavier s quark is treated separately, giving a different quark mass.
During this time, the MILC Collaboration carried out studies in a similar spirit ͓6͔ using the Kogut-Susskind quark action. Because of complications with the spin-flavor content of this action, they reported only the nucleon mass, taking m and m as input, leaving aside all other hadrons.
Our calculation was made by the CP-PACS computer, a massively parallel computer developed at the University of Tsukuba completed in September 1996 ͓7͔. With 2048 processing nodes, the peak speed of the CP-PACS is 614 GFLOPS (614ϫ10 9 double-precision floating-point operations per second͒. Our optimized program achieves a sustained speed of 237.5 GFLOPS for the heat-bath update of gluon variables, 264.6 GFLOPS for the overrelaxation update, and 325.3 GFLOPS for the quark propagator solver for which the core part is written in the assembly language ͓8͔.
The simulations were executed from the summer of 1996 to the fall of 1997.
A brief description of our results has been published in Ref. ͓9͔, and preliminary reports have appeared in Ref. ͓10͔ . In this article we present full details of analyses and results.
The organization of the paper is as follows. In Sec. II the lattice action and simulation parameters are explained. In Sec. III we present a summary of results for the light hadron spectrum, quark masses, and meson decay constants. Subsequent sections describe details of our analyses. In Sec. IV measurements of hadron masses and quark masses at simulation points are discussed. We then examine in Sec. V the prediction of QPT for light hadron masses against our data. In Sec. VI we describe the extrapolation procedure of hadron masses to the chiral and continuum limits. Comparisons with other studies are given in this section. In Sec. VII we discuss determinations of the light quark masses and, in Sec. VIII, the QCD ⌳ parameter. In Sec. IX results for meson decay constants are presented. Finally, Sec. X presents an alternative analysis in which the order of the chiral and continuum extrapolations is reversed. Our conclusions are given in Sec. XI. Technical details are relegated to Appendixes A-G.
II. LATTICE ACTION AND SIMULATION PARAMETERS

A. Lattice action
We generate gauge configurations using the one-plaquette gluon action,
where ␤ϭ6/g 2 with g the bare gauge coupling constant. On gauge configurations, we evaluate quark propagators using the Wilson fermion action, where the hopping parameter controls the quark mass.
B. Simulation parameters
Simulation parameters are summarized in Tables I and II . Four values of ␤ are chosen so as to cover the range of a Ϸ0.1-0.05 fm (a Ϫ1 Ϸ2 -4 GeV). We employ lattices with the physical extent of L s a Ϸ3 fm in the spatial directions. In a previous study, no significant finite-lattice-size effect was observed for L s a у2 fm beyond a statistical error of about 2% ͓11͔. For a large lattice, the dominant size effect comes from spatial wrappings of pions whose magnitude decreases as m L s Ϫm ϱ ϰexp(Ϫcm L s ) ͓12͔. For smaller lattices squeezing of hadron wave functions enhances the finite-size effect, leading to a power law behavior m L s Ϫm ϱ ϰc/L s 3 ͓13,14͔. Assuming the latter behavior, we expect the finite-size effects on lattices with L s aϷ3 fm to be about 0.6%, which is sufficiently small compared with our statistical errors. This requires us to use a 64 3 lattice for simulations at aϷ0.05 fm. For the temporal extent of the lattices, we adopt L t ϭ(7/4)L s . This gives the maximal physical time separation of L t a/2Ϸ2.5 fm. With our smearing method described below, we find that this temporal extent is sufficient to extract ground-state signals in hadron propagators, suppressing contaminations from excited states.
For the quark mass, we select five values of , so that they give m PS /m V Ϸ0.75, 0.7, 0.6, 0.5, and 0.4. The two heaviest values, which we denote as s 1 and s 2 , are chosen to interpolate hadron mass data to the physical point of the s quark. The three lighter quarks denoted as u 1 , u 2 and u 3 are used to extrapolate to the physical point of the light u and d quarks, m PS /m V ϭm /m ϭ0.176.
The quark mass at the smallest value of m PS /m V Ϸ0.4 is closer to the chiral limit than that in any previous studies with the Wilson quark action, in which calculations were limited to m PS /m V տ0.5. Reducing the quark mass further is not easy. Test runs we carried out for m PS /m V Ϸ0.3 at ␤ ϭ5.9 show that fluctuations become too large and the computer time for this point alone exceeds the sum of those for the five down to m PS /m V Ϸ0.4.
Gauge configurations are generated by the five-hit pseudo-heat-bath algorithm ͓15͔ and an overrelaxation algorithm ͓16͔, mixed in the ratio of 1:4. We call the combination of one pseudo-heat-bath update sweep followed by four overrelaxation sweeps ''iteration.'' The periodic boundary conditions are imposed in all four directions. The acceptance rate in the pseudo-heat-bath step is 82%-85% as listed in Table I . For vectorization and parallelization of the computer program, we adopt an even-odd algorithm.
After 2000-20 000 thermalization iterations, we calculate quark propagators and measure hadronic observable on configurations separated by 200-2000 iterations depending on ␤, while we measure the gluonic observable, such as the plaquette expectation value, at every iteration. The total number of configurations and their separation are summarized in Table I .
We estimate errors by the jackknife method except otherwise stated. Tests on the bin size dependence do not show the presence of correlations between successive configurations, and hence we use the unit bin size for error analyses. Table III shows the number of employed processors of the CP-PACS and the execution time required for generating and analyzing one configuration. Simulations at ␤ϭ5.9, 6.1, and 6.25 are carried out on subpartitions of the CP-PACS computer, while at ␤ϭ6.47 the whole system with 2048 processing units is used. 
III. SUMMARY OF RESULTS
A. Quenched chiral singularity
Quenched chiral perturbation theory ͓4,5͔ predicts that hadron mass as a function of quark mass m q exhibits a characteristic singularity in the chiral limit. Data for m PS 2 strongly support the existence of an expected singular term ␦m q ln m q with ␦Ϸ0.1. For vector mesons and baryons, the accuracy of mass data and the covered range of m q are not sufficient to establish the presence of quenched singularities. In Figs. 1-4, the QPT fit is shown by solid lines for ͑a͒ pseudoscalar meson, ͑b͒ vector meson, ͑c͒ octet baryon, and ͑d͒ decuplet baryon. The data are consistent with the theoretical expectations from QPT, not only for pseudoscalar mesons, but also for vector mesons ͓17͔ and baryons ͓18͔. We therefore adopt functional forms based on QPT for chiral extrapolations for all cases.
B. Quenched light hadron spectrum
We take experimental values of m ϭ0.1350 GeV and m ϭ0.7684 GeV as input for the mean u,d quark mass m u,d and the lattice spacing a. We use either m K ϭ0.4977 GeV or m ϭ1.0194 GeV for the strange quark mass m s . As shown by solid lines in Fig. 5 , hadron masses determined at each ␤ are well described by a linear function of a.
The quenched hadron spectrum in the continuum limit is compared in Fig. 6 with experiment shown by horizontal bars, with the numerical values given in Table IV . Solid symbols use m K as input, and open ones employ m . The two error bars show both statistical error and the sum of statistical and systematic errors ͑see Sec. VI͒. Statistical errors are 1%-2% for mesons and 2%-3% for baryons. Estimated systematic errors are at worst 1.8 of statistical ones, which add only extra 1.7% to statistical ones. Figure 6 shows that quenched QCD reproduces the global pattern of the light hadron spectrum reasonably well, but at the same time systematic deviations exist between the quenched spectrum and experiment. An important manifestation of this discrepancy is that the quenched prediction depends largely on the choice of particle ͑K or ͒ to fix m s . While an overall agreement in the baryon sector is better if m is employed as input, m K disagrees by 11% ͑6͒, which is the largest difference between our result and experiment.
In the meson sector, the discrepancy is seen in the hyperfine splitting, which is too small compared to experiment. If one uses the m K as input, the vector meson masses m K * and FIG. 1. Chiral extrapolations for ͑a͒ pseudoscalar meson, ͑b͒ vector meson, ͑c͒ octet baryon, and ͑d͒ decuplet baryon at ␤ϭ5.9. The QPT and polynomial chiral fits are shown by solid and dashed lines. The insets are expanded displays for degenerate cases and contain the extrapolated values at the physical quark mass for panels ͑b͒, ͑c͒, and ͑d͒. In panel ͑a͒, AWI quark mass, m q AWI(0) , and linear chiral extrapolation are given ͑discussed in Sec. VII͒. In panels ͑c͒ and ͑d͒, we give data only for combinations of (s 1 ,u i ,u i ) and (u i ,u i ,u i ).
m are smaller by 4% ͑4͒ and 6% ͑5͒. If m is employed instead, m K * agrees with experiment within 0.8% ͑2͒, but m K is larger by 11% ͑6͒.
The smallness of the hyperfine splitting is observed in a different way in Fig. 7 , which plots m V 2 Ϫm PS 2 as a function of m PS 2 . The figure shows an approximate scaling over the four values of ␤. The convergence of data toward the experimental point corresponding to (m ,m ) is due to our choice of these particles as input. Toward heavier quark masses, the mass square difference decreases faster than experiment and is about 10% smaller at the point corresponding to (m K ,m K * ) mesons.
A faster decrease of m V 2 -m PS 2 can be quantified through the J parameter ͓19͔ defined by
A large negative value of the slope seen in Fig. 7 translates into a small J as shown in Fig. 8 ; we obtain
Jϭ0.346͑23͒ ͑5͒
in the continuum limit, to be compared with the experimental value ϳ0.48 at m V /m PS ϭ1.8. In the octet baryon sector, the masses are all smaller compared to experiment. The nucleon mass is lower than experiment by 7% ͑2.5͒. The strange octet baryons are lighter by 6%-9% with m K as input and by 2%-5% even with m as input. The ⌺-⌳ hyperfine splitting is larger by 30% ͑50%͒ with m K (m ) input, though the deviation of 0.8 ͑2.3͒ is statistically marginal. The Gell-Mann-Okubo ͑GMO͒ relation
based on first-order flavor SU͑3͒ breaking is well satisfied, at 1% in both m K and m inputs, though the two sides take values ͓1.04͑2͒ GeV for the m K input and 1.09͑1͒ GeV for the m input͔ smaller than experiment ͑1.13 GeV͒. For decuplet baryons, the mass of ⌬ turns out to be consistent with experiment within statistical error of 2.0% ͑0.7͒. An equal-spacing rule is well satisfied, the three spacings mutually agreeing within statistical errors. However, the mass splitting is smaller by 30% on average compared to experiment for m K input and by 10% for m input.
The results discussed above are based on QPT chiral fits. In order to see the effects of choosing different chiral fit functions, we repeat the procedure using low-order polynomials in m q , as was done in traditional analyses. Chiral fits and continuum extrapolations for this case are illustrated in Figs. 1-4 by dashed lines and in Fig. 5 by open symbols and dashed lines, respectively. QPT and polynomial fits lead to masses which agree within 1.5% or 1.6. The pattern of the quenched spectrum remains the same even if one adopts the polynomial chiral fits.
C. Reversibility of order of the chiral and continuum extrapolations
In order to obtain the physical hadron mass, one conventionally carries out chiral extrapolation first and then takes the continuum extrapolation ͑we refer to this as method A͒. These two limiting operations can in principle be reversed, and the resulting spectrum should be unchanged. An advantage with the reversed limiting procedure ͑method B͒ is that one need not worry about possible O(a) terms that are present in QPT formulas at finite lattice spacings.
The light hadron spectra from the two methods are compared in Fig. 9 for the case of the m K input. The prediction from method B denoted by open symbols is in good agreement with that of method A plotted with solid symbols within 1.5.
An additional advantage of method B is that the hadron mass formula can be obtained as a function of an arbitrary quark mass, as shown in the Edinburgh plot in Fig. 10 .
D. Fundamental parameters of QCD
The scale parameter ⌳ is the fundamental parameter of QCD. We evaluate it in the modified minimal subtraction (MS) scheme to be
when the scale is fixed by m . The definition of quark mass for the Wilson quark action is not unique, because chiral symmetry is broken by terms of O (a) . We analyze quark masses from two definitions, the conventional one through the hopping parameter, which we call the Ward identity for vector current ͑VWI͒ quark mass ͑see Sec. IV C͒, and another defined in terms of the Ward identity for axial-vector currents ͑AWI͒.
Figures 11 and 12 show m ud and m s renormalized in the MS scheme at ϭ2 GeV as functions of a. The VWI and AWI quark masses, differing at finite a, extrapolate to a universal value in the continuum limit, in accordance with a theoretical expectation.
A combined linear extrapolation assuming a unique value in the continuum limit yields m ud ϭ4.29͑14͒ Ϫ0.79 ϩ0.51 MeV, ͑8͒
We indicate the systematic error arising mainly from chiral extrapolations. The value of m s differs by about 20% de-pending on m K or m used as input. The difference arises from the small value of meson hyperfine splitting in the simulation.
E. Meson decay constants
The pseudoscalar meson decay constant f PS is defined by
͑11͒
in the continuum notation, where A is the axial-vector current. The experimental value for is f ϭ132 MeV. Data for f PS are shown in Fig. 13 as a function of a. We obtain, for physical values, These values are smaller than experiment by 9% ͑2͒ and 13% ͑5͒, respectively. QPT predicts that the ratio f K / f Ϫ1 in quenched QCD is smaller than experiment by about 30%. This quantity is shown in Fig. 14 . We obtain f K / f Ϫ1ϭ0.156(29), which is smaller than experiment by 26% ͑1.9͒ as QPT predicts.
The vector meson decay constant F V in the continuum theory is defined by
͑14͒
where ⑀ i and m V are the polarization vector and mass of the vector meson V. This is related to another conventional definition by f V Ϫ1 ϭF V /m V . The experimental value of F is 220͑5͒ MeV, where the charge factor is removed. Figure 15 summarizes the vector meson decay constants. We obtain
These values are slightly smaller than experiment: by 6.7% ͑2.2͒ for F and by 3.8% ͑1.6͒ for F . We summarize meson decay constants in Table V .
IV. MEASUREMENTS OF HADRON MASSES AND QUARK MASSES
A. Quark propagators
We calculate the quark propagator G(m) at a value of by solving
where D (,n,m) is the quark matrix defined in Eq. ͑3͒ and S(n) is the quark source. In order to enhance the groundstate signal in the hadronic measurements, we use smeared quark sources. For this purpose, we fix gauge configurations to the Coulomb gauge as described in Appendix A.
For the smeared source, we employ an exponential form given by as motivated by the pion wave function measured by the JLQCD Collaboration ͓21͔. The smearing radius is approximately constant, a/BϷ0.33 fm, over the range of ␤ we simulate. The quark propagator solver and smearing function are discussed in Appendix B.
B. Hadron masses
From quark propagators, we construct hadron propagators corresponding to degenerate combinations ff and fff ( f ϭs 1 ,s 2 ,u 1 ,u 2 ,u 3 ), as well as nondegenerate combinations of the type s i u j for mesons and s i s i u j and s i u j u j for baryons; two quarks in baryons are taken to be degenerate. We study pseudoscalar and vector mesons and spin-1/2 octet and spin-3/2 decuplet baryons. The hadron operators are summarized in Appendix C.
Hadron propagators are calculated for all possible combinations of point and smeared sources. At the sink we use only point operators. Effective masses m eff (t) for various combination of quark sources are compared in Fig. 16 . With our choice of smearing function, m eff (t) in almost all cases reaches a plateau from above, suggesting that the smearing radius is smaller than the actual spread of hadron wave functions. The onset of a plateau is the earliest when the smeared source is used for all quarks, and the statistical error is the smallest for this case. In light of this advantage, we extract masses from hadron propagators with all quark sources smeared.
In order to illustrate the quality of data, typical effective masses are shown in Figs. 17-20 for degenerate octet baryons at the four ␤ values. We extract the ground-state masses using a single-hyperbolic-cosine fit for mesons and a singleexponential fit for baryons, taking account of correlations among different time slices. In Figs. 17-20, the horizontal lines are the fit and error, with the range of the lines representing the fit range.
The fit range ͓t min ,t max ͔ is chosen based on the following observations ͑1͒ The value of 2 /N df decreases as t min increases and becomes almost constant at a time slice which we denote as t . Here t in general depends on quark masses. ͑2͒ The effective mass shows a plateau for tտt . ͑3͒ When t max уt ϩ3, 2 /N df is insensitive to the choice of t max . From these findings, we may use t for t min . However, in order to avoid subjectivity in the identification of t and plateau, we adopt t min , which satisfies the following conditions. ͑1͒ t min is larger than t ; ͑2͒ for each kind of particle at each ␤, t min is common to all quark masses; ͑3͒ for each FIG. 11 . Averaged mass of the up and down quarks and its continuum extrapolation. The leftmost point is the value extrapolated to the continuum limit. particle, values of t min in physical units is approximately constant for all ␤. We find that these conditions are satisfied by t min Ϸ1.0, 0.7, and 0.5 fm for pseudoscalar mesons, vector mesons, and baryons, respectively. The largest time slices t max for vector mesons and baryons at ␤ϭ5.9, 6.1, and 6.25 are chosen by the requirement that the error of propagator at t max does not exceed 3%. We employ the same criterion for vector mesons at ␤ϭ6.47. For baryons at ␤ϭ6.47, the fitting interval becomes too narrow for light quark masses if we employ the cut at 3%. We therefore adopt the cuts at 3.2% for octet baryons and 4% for decuplet baryons, respectively.
Values of t max are determined with a different strategy for pseudoscalar mesons, for which we make chiral extrapolations, taking account of correlations among different quark masses. ͑The correlation among different quark masses is ignored for other hadrons.͒ A large value of t max results in full covariance matrices with too large dimensions. Such matrices frequently have quite small eigenvalues due to statistical fluctuations and lead to a failure of the convergence of the fit. In order to avoid instability of chiral extrapolations, we determine t max by trial and error. We adopt t max ϭ28, 35, 25, and 35 for ␤ϭ5.9, 6.1, 6.25, and 6.47.
All hadron masses are stable under a variation of the fit range. As an example, the fits with the range ͓t min ϩ2,t max ͔ give results consistent within 1. Uncorrelated fits yield masses consistent with those from correlated fits within 1 for most cases, although the differences are about 2 for some cases. 
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Errors are determined by a unit increase of 2 . Jackknife errors are similar in magnitude, the difference being at most about 25%. The values of 2 /N df turn out to be consistent or smaller than unity within the errors estimated by the jackknife method, meaning that our one-mass fits reproduce the hadron propagator data well. This suggests that the contamination of excited states is well suppressed in our fits. Our results for the hadron masses are reproduced in Tables VI for  mesons and Tables VII and VIII for octet and decuplet baryons.
C. Quark masses
The bare quark mass is conventionally defined by
where c is the critical hopping parameter at which the pion mass vanishes. This quark mass is called the VWI quark mass, since the divergence of the vector current is proportional to the mass difference of quark flavors in the current, which looks similar to Eq. ͑19͒. The definition of the AWI quark mass is based on the Ward identity for axial-vector currents ͓22͔. 
͑20͒
where
is the axial-vector current and
is the pseudoscalar density. In Eq. ͑20͒, ٌ F(n)ϭF(n) 
are projected to zero spatial momentum. The right-hand side of Eq. ͑23͒ is evaluated by a constant fit to the ratio
where the suffix ''sym'' implies a symmetrization of the derivative defined by
with G(t)ϭ͗A 4 (t) P (0) 
V. QUENCHED CHIRAL SINGULARITIES
The chiral extrapolation is conventionally carried out assuming a low-order polynomial in quark masses. Chiral perturbation theory ͓24͔, however, predicts a singular quark mass dependence in the chiral limit due to the presence of massless pions. The singularity is expected to be enhanced in quenched QCD ͓4,5͔ since the Ј meson is also massless in this approximation. In order to choose the functional form for the chiral extrapolation, we examine whether hadron mass data are consistent with the predictions of QPT.
A. Mass ratio test for pseudoscalar meson
For pseudoscalar mesons made of quarks with masses m 1 and m 2 , QPT predicts the mass formula ͓4,5͔ given by The constant ␣ ⌽ in Eq. ͑28͒ represents the coefficient of the kinetic term of the flavor-singlet meson field, which is subleading in terms of 1/N c . The mass formula also contains a scale ⌳ of O(1) GeV. The parameters such as ␦, ␣ ⌽ , and ⌳ may differ in quenched QCD from those in the full theory. In order to see whether pseudoscalar mass data exhibit the presence of the logarithmic terms, we investigate the ratio m PS,12 2 /(m 1 ϩm 2 ) as a function of m 1 ϩm 2 . We use the AWI quark mass rather than the VWI mass to avoid uncertainties due to the necessity of choosing c , which in turn depends on details of the chiral extrapolations. Another important point with the use of the AWI quark mass is that it is free from chiral singularities which cancel between the numerator and the denominator in Eq. ͑23͒ ͓25,26͔.
In Fig. 23 , we plot m PS,12 2 /(m 1 ϩm 2 ) as a function of m 1 ϩm 2 . The AWI quark mass is converted to renormalized values in the MS scheme at the scale 2 GeV ͑see Sec. VII͒, and the ratio is translated to physical units. This enables us to compare the results at different values of ␤ with the same scale of the figure. We find a clear increase of the ratio towards the chiral limit at all values of ␤ as expected from Eq.
͑28͒.
In order to make a more quantitative analysis, we consider the ratio defined by Table X . The points fall within a narrow ridge limited by two lines yϷ1ϩ(0.08-0.12)x. A oneparameter fit ignoring ␣ X z and higher-order terms yields ␦ ϭ0.10-0.12 depending on ␤ as listed in Table XI. A two-parameter fit keeping the ␣ X z term requires the value of A. We estimate AϷ3 GeV for all ␤ values from data Further data are needed to pin down precise values of ␦ and ␣ ⌽ . We consider that results at finer lattices, closer to the continuum limit, are more reliable and take ␦ϭ0.10(2) and ␣ ⌽ ϭ0 as our best estimates.
The ratio test for the existence of quenched logarithm terms was originally proposed in Ref. as a function of x 0 defined by
͑36͒
The relation y 0 ϭ1ϩ␦x 0 follows if we ignore O(m q 2 ) term in Eq. ͑28͒. As shown in Fig. 25 , however, y 0 systematically varies with quark masses, suggesting a contribution from the 
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O(m q 2 ) term. The double ratio defined by Eq. ͑30͒ is designed to cancel the O(m q 2 ) terms and, hence, is more effective to observe the quenched singularity.
B. Ratio test of pseudoscalar meson decay constant
Quenched chiral singularities are also expected in meson decay constants ͓27͔. Let f f g be the pseudoscalar meson decay constant for the flavor combination ͑f, g͒. In Ref. ͓27͔, the ratio
was shown to satisfy the relation
with x defined by Eq. ͑33͒, where ␣ ⌽ is set to zero. Values of y f are listed in Table X , and the ratio test with Eq. ͑37͒ is summarized in Fig. 26 . We find ␦Ϸ0.08-0.16, in agreement with the value from the mass ratio analysis.
C. Pseudoscalar meson mass fit
The parameter ␦ is estimated also by fitting pseudoscalar meson mass data to Eq. ͑28͒ assuming ␣ ⌽ ϭ0 for all ␤. The AWI quark mass introduces errors into the fit variable. Therefore the VWI quark mass m q VWI(0) ϭ(1/Ϫ1/ c )/2 is employed, taking c as a parameter. We carry out fully correlated fits described in Appendix D, independently for degenerate and nondegenerate cases.
A noticeable property of the QPT formula, Eq. ͑28͒, is that A, ␦, and ⌳ cannot be determined simultaneously because the three conditions to minimize 2 are not mathematically independent. A possible method is to fix f ⌳ ϵ2A 2 /⌳
The results are summarized in Table XIII . The value of ␦ is stable against a variation of f ⌳ and ␤ and is consistent within 2 with our estimate 0.10͑2͒ from the mass ratio test.
D. Comparison with other results for ␦
The value of ␦ has recently been estimated by other groups. The FNAL group reported ␦ϭ0.065(13) ͓28͔ using the clover quark action, and the QCDSF Collaboration obtained ␦Ϸ0.14(2) ͓29͔ with a nonperturbatively improved clover action. These estimates are consistent with ours.
It has been pointed out in Ref.
͓30͔ that the x-y correlation seen in Fig. 24 may be reproduced with a small ␦ Ϸ0.03-0.07, if ␣ ⌽ Ϸ0.5. Our data for large ␤, however, do not seem to be compatible with such a large ␣ ⌽ .
1 These values of ⌳ in physical units are computed using A determined by a degenerate fit at ␤ϭ5.90. We confirm that the ␤ dependence of A is very weak if translated into physical units and that degenerate and nondegenerate fits lead to A consistent with each other. 
E. Vector meson and baryon masses
QPT predicts singularities of the form O(m PS ) ϳO(ͱm q ) for vector mesons and baryons ͓17,18͔. Ratio tests similar to those for the pseudoscalar mesons indicate that the coefficient of the O(m PS ) term is nonvanishing for both vector mesons and baryons. It is difficult, however, to reliably estimate the coefficients from the ratios because of large errors. Direct fits of mass data to the QPT formula are also difficult as they are not very stable. While our data are consistent with QPT, statistics and the range of the quark mass in our study do not allow conclusive results. Our tests of the QPT mass formulas for these cases are described in Appendix F.
VI. HADRON MASS SPECTRUM
A. Chiral fits
Chiral fits of the pseudoscalar meson mass have already been described in Sec. V C and are shown in Figs. 1͑a͒, 2͑a͒, 3͑a͒, and 4͑a͒ with parameters summarized in Table XII 
for ⌺-type and ⌳-type cases. For decuplets, the formula reads
Here, 
The O(m PS 3 ) terms are not included in Eq. ͑39͒ for vector mesons and in Eq. ͑42͒ for decuplet baryons. The octetdecuplet coupling terms are also ignored in Eqs. ͑40͒ and ͑41͒ for octet baryons. These choices are made because fitting parameters are not well determined if these terms are introduced ͑see Appendix F͒, and the dropped terms have small effects for the spectrum. Fittings with and without them are compared in Fig. 27 for degenerate masses at ␤ ϭ5.90. The two types of fittings reproduce the data equally well. The difference remains small at the physical point, at most 5% ͑5 ͒ at finite lattice spacings and at most 1.2% ͑1.3͒ after the continuum extrapolation.
We set ␦ϭ0.1 and ␣ ⌽ ϭ0 as suggested from the pseudoscalar case. 
.3͒ difference at finite lattice spacings and 0.3% ͑0.3͒ in the continuum limit. The change of ␣ ⌽ leads to differences of 2.9% ͑4.7͒ and 2.2% ͑1.4͒, respectively. We also fix f ϭ f ϭ132 MeV. Changing f to f K ϭ226 MeV affects octet baryon masses by at most 2.5 at finite lattice spacings and by 0.5 in the continuum limit. Artifacts of fixing these parameters are sufficiently small at least in the continuum limit.
Fits are made to degenerate and nondegenerate data together. Because the size of the covariance matrix becomes too large and the matrix elements cannot be determined reliably, we do not include correlations among different quark masses.
Fits for vector mesons and baryons are shown in Figs. 
C. Continuum extrapolation
For our lattice actions scaling violation is given by
Hadron mass data in Fig. 5 are fitted well without the O(a 2 ) and higher-order terms ( 2 /N df Ͻ1.6). Hadron masses in the continuum limit are given in Table IV . Statistical errors are about 1%-3%. Table XIX lists S of the terms linear in a. The S for baryons are larger than those for mesons. Lighter baryons have larger values of S for both octet and decuplet. The nucleon has the largest S of about 280 MeV, with which the scaling violation Sa is about 10% in the middle of our range of lattice spacing, aϭ0.075 fm.
A fit retaining a quadratic term leads to S and SЈ ill determined with the magnitude of errors comparable to the central values. The masses in the continuum limit have large 
D. Results from polynomial chiral fits
Polynomial chiral fits are carried out to degenerate and nondegenerate data separately, fully incorporating the correlation among different quark masses. We employ quadratic polynomials in terms of the VWI quark mass, except a cubic polynomial for degenerate octet baryons. The fitting procedure is described in Appendix D. The fits are plotted in Figs. 1-4 by dashed lines. Hadron masses at the physical points are listed in Table XXI .
Extrapolating the results to the continuum limit, hadron masses from polynomial chiral fits are also fitted well by linear functions in a with 2 /N df р1.7. The continuum extrapolation is shown in Fig. 5 by dashed lines. Masses in the continuum limit are given in Table XXII .
At the four ␤ values, the difference in hadron masses at the physical point between the QPT fit and the polynomial fit is at most 3%. In the continuum limit the differences are within 1.5% ͑1.6͒, as listed in the column ''chiral fit error'' in Table XX . This difference is sufficiently small so that it does not alter the pattern of deviation between the quenched spectrum calculated with QPT chiral extrapolation and the experimental spectrum as shown in Fig. 28 .
E. Systematic error and final results
The total systematic error for the mass spectrum is estimated by adding in quadrature the error from continuum extrapolation ͓''O(a 2 ) error'' in Table XX͔ , that from chiral extrapolations ͑''chiral fit error'' in the table͒, and a 0.6% error for finite-size effects.
Our final results for the quenched light hadron spectrum including the systematic error are summarized in Fig. 6 and Table IV.
F. Comparison with previous results
Meson hyperfine splitting
The GF11 Collaboration ͓3͔ calculated hadron masses with the m K input using lattices with L s aϷ2.3 fm. The chiral and continuum extrapolations are made with a linear form. Based on a finite-size study at ␤ϭ5.7 with L s a Ϸ2.3 fm (L s ϭ16) and Ϸ3.4 fm (L s ϭ24), they corrected the continuum results for finite-size effects. They claimed that the hyperfine splitting between K and K* is consistent with experiment. 
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This differs from our small hyperfine splitting. We compare our data ͑solid symbols͒ and the GF11 data ͑open symbols͒, both with m K input, in Fig. 29 . For the GF11 data, the results from the larger lattice with L s aϷ3.4 fm are also shown ͑open squares͒ at aϷ0.7 GeV Ϫ1 , and the continuum estimates before and after the finite-size correction are shown at aϭ0.
We observe that all data for K* and at finite a are nearly consistent with each other. The difference in the continuum limit is due to a steeper slope of the GF11 data for the continuum extrapolation, arising from small values of m K * and m at ␤ϭ5.7 on the lattice of L s aϷ2.3 fm ͑the rightmost triangles͒. If we adopted the data from the L s a Ϸ3.4 fm lattice ͑open squares͒, we would obtain a continuum value in agreement with our result.
In Ref. ͓3͔, the discrepancy between L s aϷ3.4 and 2.3 fm is considered as finite-size effects. However, since the data at smaller a are consistent between L s aϷ3.0 fm ͑our data͒ and 2.3 fm ͑Ref. ͓3͔͒, it is not clear whether we can attribute the difference simply to finite-size effects. The conclusion of the GF11 critically depends on their data at ␤ϭ5.7, for which we suspect an underestimation of errors.
Nucleon mass
In previous calculations at ␤Ϸ5.7-6.2 with m PS /m V տ0.5, nucleon masses are significantly higher than experiment at finite a ͓3,31͔. The GF11 claimed agreement with experiment after the continuum extrapolation and the finitesize correction. In the present study, however, we find the nucleon mass to be smaller than the previous estimates even at finite a. Extrapolating to the continuum limit, we find the nucleon mass to be smaller than experiment by 7% ͑2.5 ͒. See Fig. 29 where our data and those of the GF11 are compared.
The origin of our small nucleon mass at a finite a is the negative curvature in 1/ toward small quark masses, as observed in Figs. 1-4 . This trend becomes manifest only when the quark mass is reduced to m PS /m V Ϸ0.4 while sustaining statistical precisions. In fact, a linear fit of our data at m PS /m V տ0.5 gives a larger nucleon mass consistent with the previous results.
Masses of ⌶* and ⍀
The GF11 reported the masses of ⌶* and ⍀ from the m K input higher than experiment by 3%-5%. In contrast, Fig. 6 shows that our masses are smaller than experiment by a similar magnitude.
The origin of these differences can be seen in the top panel in Fig. 29 . While the results from the two groups are consistent at aϷ0.5 GeV Ϫ1 , the GF11 values at the smallest a lie far above our continuum extrapolations. As in the case of the meson hyperfine splitting, the continuum extrapolations of the GF11 data would become closer to ours if the data at ␤ϭ5.7 and at L s aϷ2.3 fm were replaced with those at L s aϷ3.4 fm. 
Comparison with staggered quark results
The negative curvature of the nucleon mass has also been reported in Ref. exists not only at the physical point, but even at heavier quark masses for which the discrepancy is statistically more significant. In Ref. ͓32͔, the nucleon to mass ratio off the physical quark mass is calculated in the continuum limit, using the same method as that explained in Sec. X below. The ratios for the staggered action are larger than ours by about 8% for the whole range of the quark mass ͑see Fig. 4 in Ref.
͓32͔͒.
The origin of the difference is not explained by finite-size effects since both calculations employ sufficiently large lat- 
VII. LIGHT QUARK MASSES
A. Renormalization factors
We calculate renormalized quark masses in the MS scheme at the scale ϭ2 GeV. They are given by
for VWI and AWI masses. The renormalization factors Z m ͓33͔, Z A ͓34͔, and Z P ͓35͔ are estimated with tadpoleimproved one-loop perturbation theory ͓36͔, by matching the lattice scheme to the MS scheme at ϭ1/a. They read
, where ͗U P ͘ is the plaquette average. For ␣ P (1/a), we first compute ␣ P (q*) according to
where q*ϭ3.4018/a, and use the renormalization group equation to two-loop order. The running of the quark mass from ϭ1/a to 2 GeV is made employing the three-loop renormalization group equation ͓37͔. We have checked that employing the four-loop equation ͓38͔ instead of the threeloop one has a negligible effect of at most 0.15% and 0.1 at finite a.
B. Chiral and continuum extrapolations
For AWI quark masses, we need to carry out chiral extrapolation and/or interpolation to the physical point. Polynomials in 1/ are used for this since quenched chiral singularities are absent ͓25,26͔. In fact, as shown in Fig. 30 Fig. 31 . Values for m q AWI(0) and m q VWI(0) at the physical quark mass point are presented in Table XXV . Quark masses translated to the MS scheme at ϭ2 GeV are given in Table XXVI and are plotted in Figs. 11 and 12. They are well reproduced by linear functions in a. The AWI and VWI quark masses, which are different at finite a, extrapolate to a universal value in the continuum limit, as they should. We determine the quark masses in the continuum limit by a combined linear extrapolation of m q VWI and m q AWI ͑Table XXVII͒.
C. Systematic errors and final results
To estimate systematic errors from chiral extrapolations, we consider a quadratic fit to m q AWI , taking c AWI as a fit parameter. We then carry out a QPT fit to m PS with c set to c AWI and evaluate VWI and AWI quark masses. Chiral fits up to here employ as an independent variable. To evaluate errors in quark masses from fits in terms of , we consider an independent QPT fit to m PS 2 as a function of m q AWI without referring to . Figure 32 shows that m ud is sensitively affected by the treatment of the chiral limit. At finite a, both m q VWI and m q AWI from the alternative fit above shown by triangles differ from the original ones ͑circles͒ far beyond statistical errors. Linearly extrapolated to the continuum, the alternative methods lead to m ud Ϸ4. the preceding subsection, we estimate the systematic error to be ϩ0.51 and Ϫ0.79 MeV. Systematic errors from chiral fits are not large for m s . As  Figs. 33 and 34 show, results from various chiral fits at finite a agree with each other within at most 3. We estimate the systematic error in the continuum limit by the same method as for m ud . We obtain ϩ5.8 and Ϫ2.9 MeV for the m K input and ϩ22.0 and Ϫ0 MeV for the m input.
We also investigate uncertainties from various definitions of the axial-vector current and higher-order effects in the renormalization factors. For the former, we test for the local axial current defined by
with the tadpole-improved renormalization factor
The procedure to calculate the AWI quark mass m q AWI,local (0) is described in Appendix G. For the latter, we repeat analyses using the MS coupling reflects a small value of the one-loop coefficients. On the other hand, the difference in m q AWI is about 5% on the coarsest lattice and about 3% on the finest lattice, which leads to a difference of 2% in the continuum limit, to be compared with the statistical error of 2%-4%.
As shown in Figs. 35, 36, and 37, the central values in the continuum limit are contained within the error band given by the sum of statistical error and systematic one from chiral extrapolations. Therefore we do not add the errors from the definition of current and higher-order effects in the renormalization factors to the estimate of the systematic error above.
Final results are given in Eqs. ͑8͒, ͑9͒, and ͑10͒. We note that these numbers are different from those given in our earlier publication ͓9͔, in which we employed a linear chiral extrapolation of m q AWI and corrected for a small difference between c and c AWI . Values here obtained by constrained quadratic chiral fits are our final results.
VIII. QCD SCALE PARAMETER
A. Methods and results
We calculate the QCD scale parameter ⌳ MS in the MS scheme. In this scheme, the renormalization group coefficients are known to four-loop order. Since the relation between the lattice coupling and MS coupling is known only up to two loops ͓39͔, we employ the expression to three-loop order given by 
where yϭ␣ MS ()/4 and ␤ 2 MS ϭ2857/2 for the MS scheme of quenched QCD ͓40͔.
We estimate the MS coupling in three ways, using the mean-field coupling ␣ MF ͓41͔, the plaquette coupling ␣ P ͓36͔, and the potential coupling ␣ V .
The mean-field ͑or tadpole-improved͒ coupling ␣ MF is defined by ␣ MF ϭ␣ 0 /͗U P ͘, where ␣ 0 is the bare lattice coupling. Using the relation between the MS coupling and bare coupling up to two loop ͓39͔ and the perturbative expansion of the plaquette, one obtains
Substituting ␣ MS (/a) into Eq. ͑58͒ with ϭ/a yields ⌳ MS . Our measurements of the plaquette are listed in Table  XXVIII . The very small statistical error of the plaquette is ignored in our analyses. The potential coupling ␣ V is defined through the staticpotential ͓36͔. Using the plaquette coupling ␣ P defined by
with the optimal value of q*ϭ3.4018/a ͓36,42͔, the potential coupling is evaluated by ͓43,44͔
We evolve ␣ V (q*) from ϭq* to ϭ/a using the threeloop renormalization group with ␤ 2 V ϭ6178.36 ͓43,44͔ and calculate
We also evaluate ␣ MS directly from the ␣ P coupling using the Brodsky-Lepage-MacKanzie-͑BLM-͒ ͓45͔ improved relation
͑63͒
where ϭe
q*. The values of ⌳ MS are given in Table XXIX and Fig. 38 . They are fitted well with a function linear in a with small 2 /N df ϭ0.3-0.5. The difference among continuum values of ⌳ MS is smaller than statistical errors. Since ⌳ MS from ␣ V coupling exhibits the smallest scaling violation, we quote Eq. ͑7͒ as our best estimate of ⌳ MS in quenched QCD. We note that the scale is determined from m . The analysis above is based on perturbation theory to two-loop order. To estimate effects of higher-order terms in couplings, we add or subtract ␣ P (q*)͓2.81404␣ P (q*) 2 ͔ 3/2 on the right-hand side of Eq. ͑61͒. This leads to values of ⌳ MS differing from the original ones by about 10 MeV. The effects of the four-loop term in the definition of ⌳ MS ͓Eq. ͑58͔͒, evaluated similarly, is less than 0.1 MeV. We conclude that higher-order effects are of order 10 MeV, which is twice the statistical error in Eq. ͑7͒.
B. Comparison with other results
There are a number of ways to determine the QCD scale parameter. The SCRI ͓46͔ group obtained ⌳ MS With these scales the SCRI result ⌳ MS ϭ247(16) MeV is converted to ⌳ MS ϭ202(13)(7) MeV, while the ALPHA result ⌳ MS ϭ238(19) MeV to ⌳ MS ϭ189 (15)(6) MeV. Here the first errors come from those quoted in the original literature and the second are from the error of our mass measurement. Figure 38 compares our estimate of ⌳ with those obtained by SCRI and ALPHA and with those we have reevaluated consistently using the mass ͑labeled as ''translated''͒. Our result and the translated values of SCRI and ALPHA are consistent if the systematic errors in ⌳ MS from higher-order terms of about 10 MeV and a possible increase of about 10 MeV of the translated results from the scale conversion are taken into account. Three values of ⌳ obtained with the same scale (m in this case͒ are supposed to be those in the continuum limit, and hence the discrepancy, if it exists, should be resolved within quenched QCD.
IX. MESON DECAY CONSTANTS
A. Pseudoscalar meson decay constants
We extract pseudoscalar meson decay constants f PS from the correlation function ͗A 4 local (t) P(0)͘. The value of f PS is related to m q AWI,local(0) defined in Eq. ͑G2͒:
for the flavor combination ͑f, g͒, where C PS P is the amplitude of propagator with the point quark source defined by
To avoid the direct use of point source propagators, which are noisier than the corresponding smeared source propagators, we apply the following procedure: the amplitude C PS S for the smeared source propagator is already obtained from the meson mass fit
The ratio ϭC PS P /C PS S can be obtained from an additional fit FIG. 33 . Same as Fig. 32 for the strange quark mass with m K input. 
Note that Eq. ͑70͒ is the only new fit which is necessary to calculate f PS . We illustrate a typical fit in Fig. 40 . For the renormalization constant Z A , we employ the tadpole-improved ͓36,50͔ one-loop formula ͓35͔, which is factorized into two parts,
Table XXX summarizes the results for Z f PS (0) at the simulation points.
For f ϵZ f PS (0) , nondegenerate data are well reproduced by a linear function of 1/ u i , where u i is the hopping parameter for the u,d quarks, while the degenerate data show a slight negative curvature ͑Fig. 41͒. Therefore, we employ a quadratic polynomial function of 1/,
for the degenerate case, and a linear function of 1/ u i ,
for the nondegenerate case (u i ,s j ). Fig. 13 . Accordingly, we obtain small 2 /N df ϭ0.45, 0.86, and 1.38 for f , f K (m K input͒ and f K (m input͒, respectively. Our final results for f PS are summarized in Eqs. ͑12͒ and ͑13͒ and Table V. For the ratio f K / f Ϫ1, we obtain 0.156͑29͒ in the continuum limit from a linear fit of Fig. 14. 
B. Vector meson decay constants
Vector meson decay constants F V are extracted from the correlation function ͗V i (n)V i (0)͘ of the local vector current
Since V i is the vector meson operator, we obtain 
where C V P is the amplitude of vector meson propagator with the point source. Employing a method similar to that used in the previous subsection, we first obtain the amplitude of smeared propagator C V S and then fit the ratio of the point and smeared propagators to calculate C V P ϭC V S . We adopt a nonperturbative definition ͓51͔ given by
is the conserved vector current. Examples of the fit for Eq. ͑78͒ are shown in Fig. 42 . Values of Z V depend little on the quark mass, as shown in Table XXXIII . We provide F V a at the simulation points in Table XXXIV .
Chiral extrapolations are carried out in a similar manner to f PS . Data are fit by a linear function of 1/ ͑see Fig. 43͒ . Table XXXV presents F and F (m input͒ in units of GeV. We extrapolate them to the continuum limit linearly in a, as shown in Fig. 15 . Final results for F V using the nonperturbative renormalization constant are summarized in Eqs. ͑15͒ and ͑16͒ and Table V. For comparison, we study the renormalization factor estimated by tadpole-improved one-loop perturbation theory: Continuum extrapolations, plotted in Fig. 15 , show that F V TP exhibits a scaling violation much larger than F V . Although the difference of F V TP and F V at finite a becomes smaller towards the continuum limit, F V TP extrapolates to a value slightly smaller than F V . The coefficient of ␣ P in Eq. ͑80͒ is rather large, when compared to that for Z A local in Eq. ͑56͒ used for f PS . Higher-order terms may be important to extract F V TP in the continuum limit from the region of our lattice spacing. Therefore we take F V determined with the nonperturbative renormalization factor as our best estimate.
X. LIGHT HADRON SPECTRUM AS FUNCTIONS OF QUARK MASSES
We carry out an additional analysis in which the continuum extrapolations are made before the chiral fits and obtain the hadron spectrum in the continuum limit as functions of quark masses. A motivation of this analysis concerns the question of whether QPT mass formulas at finite a may suffer from lattice artifacts. Because the QPT parameters obtained in Sec. VI are smooth in a, we expect that O(a) terms vanish smoothly toward the continuum limit. The alternative procedure provides us with a more direct test of the QPT formulas in the continuum limit. Furthermore, the quark mass or m PS /m V dependence of hadron masses in the continuum limit can be used to estimate the size of the scaling violation in future calculations with improved actions at fixed a, without difficult chiral extrapolations.
A. Continuum extrapolation
We take the continuum extrapolation of hadron mass data at finite quark mass. To do this, we first interpolate or slightly extrapolate the data to m PS /m V ϭ0.75, 0.7, 0.6, 0.5, and 0.4 at each ␤. These values of m PS /m V are close to our raw data points such that the errors and uncertainties from fits are small. In practice, we use the QPT formulas adopted in Sec. VI. We also repeat the whole procedure using polynomial Tables XXXVI-XL normalized hadron masses at each ␤ obtained by the QPT formulas and those in the continuum limit. Values of 2 /N df for the continuum extrapolations are 2 /N df Ϸ0.5 for mesons, Ϸ1.0 for octet baryons, and Ϸ3.0 for decuplet baryons. We think that the large values of 2 for decuplet baryons are still acceptable because the number of degrees of freedom is only 2.
B. QPT fits in the continuum limit
We fit the continuum hadron spectrum, normalized by m V (0.75) , using the QPT formulas and following the procedure given in Sec. VI and obtain the hadron spectrum as well as the value of m V (0.75) ϭ0.981(18) GeV. The quark mass in the continuum limit at each m PS /m V is necessary for a chiral fit of pseudoscalar meson masses. We first interpolate the AWI quark mass m q AWI(0) linearly in 1/ to each value of m PS /m V at each ␤. We then convert m q AWI (0) to the values in the MS scheme at ϭ2 GeV, using a determined from m V (0.75) . The AWI quark masses are linearly extrapolated to the continuum limit with a reasonably small 2 /N df Ͻ0.5. For completeness, we provide in Table XLI lattice The QPT fits in the continuum limit look quite similar to those at finite a as shown in Fig. 44 . The values of the parameters are consistent with those obtained from an extrapolation of the parameters at finite ␤, as given in Table XLII . See also, for example, Fig. 45 in which we plot the octet baryon mass in the chiral limit. A comparison of the coefficients of the singular terms of the QPT formulas is made in Appendix F.
C. Universality of the light hadron spectrum
Table XLIII summarizes the light hadron masses thus obtained together with deviations from those from the original procedure. The two spectra are consistent with each other with differences smaller than 1 of the statistical error. See also Fig. 9 in which we compare masses from the two methods for the case of the m K input. For interpolation and extrapolation of hadron masses, we test polynomial chiral fits instead of the QPT formulas. The deviations remain within 1 for pseudoscalar mesons and baryons and 1.5 for vector mesons.
We therefore conclude that the two spectra determined by the two methods are consistent with each other with differences smaller than 1.5. This confirms that both chiral and continuum extrapolations are under control. We take the differences as systematic errors due to the chiral and continuum extrapolations. 
XI. CONCLUSIONS
In this article we presented details of our calculation of the light hadron spectrum and quark masses in quenched QCD. The computational power provided by the CP-PACS computer enabled an exploration of hadron masses at lighter quark masses than hitherto attempted.
The high-precision data for pseudoscalar meson masses revealed evidence supporting the presence of chiral singularities as predicted by quenched chiral perturbation theory. In the vector meson and baryon sectors the precision of our data is not sufficient to draw conclusive statements on quenched chiral singularities. However, simulations covered the range of quark masses sufficiently small to obtain a stable result of the spectrum also for vector mesons and baryons. Predictions do not depend on the choice of conventional polynomial chiral fits or fits based on quenched chiral perturbation theory. Since the scaling violation also turned out to be mild for the plaquette gluon and Wilson quark actions, the hadron masses keep the statistical precision of 1%-2% for mesons and 2%-3% for baryons after the continuum extrapolation. The systematic error is estimated to be at most 1.7%.
The chief finding is the pattern and magnitude of the breakdown of the quenched approximation for the light hadron spectrum. In the meson sector the quenching error manifests itself in a small hyperfine splitting when compared with experiment. A small mass splitting is also seen in the decuplet baryons, and masses themselves are small for octet baryons. The magnitude of deviation, typically 5%-10%, is much larger than the statistical and systematic errors.
The quenched approximation poses a limitation of our ability to predict fundamental parameters of QCD. The strange quark mass m s depends on the hadron mass input, with a difference as large as 25%. The QCD scale parameter has an uncertainty of the order of 15% depending on inputs, i.e., m or phenomenological values of ͱ or r 0 .
It appears to us that it is not worthwhile to pursue precision further, and the effort should rather be directed toward QCD simulations incorporating the effects of dynamical sea quarks. We in fact started an attempt ͓52͔ in this direction using improved gluon and quark actions. In the course of this work we recalculated the quenched hadron spectrum using the improved actions. The light hadron spectrum obtained in the continuum limit is in good agreement with the results reported in this article, providing further confirmation of the success and limitation of quenched QCD.
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APPENDIX A: GAUGE FIXING
For the measurement of the hadronic observable, we fixgauge configurations to the Coulomb gauge by maximizing the quantity
To achieve this, we combine two methods: ͑a͒ an SU͑2͒ subgroup method, which is similar to the pseudo-heat-bath algorithm for SU͑3͒ gauge theories ͓15͔, and ͑b͒ an overrelaxed steepest descent method ͓53͔. Both methods can be vectorized and parallelized by splitting the lattice sites into even and odd sites.
SU"2… subgroup method
Under a gauge transformation
with SU͑3͒ matrices G n , H transforms as
If the gauge group is SU͑2͒, it is easy to find the solution G n which maximizes HЈ for a given site n. The global maximum can be achieved iteratively by repeating the maximization at all sites. For the SU͑3͒ case, we can gradually increase H by FIG. 43 . F V a vs 1/ at ␤ϭ5.90 with chiral extrapolations. Nondegenerate data are slightly shifted in x for clarity. applying the maximization for different SU͑2͒ subgroups of SU͑3͒. In our simulations, we maximize three SU͑2͒ subgroups per iteration.
Overrelaxed steepest descent method
Alternatively, H can be maximized by iterative gauge transformations with
with a suitable real number ␣ n , because the gradient of H with respect to n a defined by G n ϭexp(i a n a ) is given by
Note that ␦H/␦ n a vanishes at the supremum of H and is proportional to ͚ ‫ץ‬ A a (x) in the continuum limit. A candidate of ␣ n is obtained by solving the supremum condition of H,
to the leading order of ␣ n , which gives
An overrelaxation is introduced through a parameter 1Ͻ Ͻ2 in the gauge transformation:
Implementation on the CP-PACS
We find that the steepest descent algorithm with the overrelaxing parameter Ϸ1.98-1.99 converges much faster than the SU͑2͒ subgroup method, when the configuration is already close to the maximum. When the configuration is far from the maximum, however, this method sometimes fails to converge. Therefore, we first apply the SU͑2͒ subgroup method for several hundred iterations to drive the configuration close to the maximum. In our simulations, we adopt the SU͑2͒ subgroup method for the first 200, 500, 1000, and 6000 iterations at ␤ϭ5.9, 6.1, 6.25, and 6.47, respectively, before applying the steepest descent method.
For a convergence check, we monitor
Note that
in the continuum limit. We truncate iterations at the ith iteration when the conditions
are both satisfied. We have checked that stronger convergence criterion does not lead to a significant difference in hadron propagators.
APPENDIX B: QUARK PROPAGATORS
In order to solve Eq. ͑17͒, we use a red-blackpreconditioned minimal residual ͑MR͒ algorithm. We accel- Ϫ7 for the smeared source. Hadron propagators obtained with this stopping condition are compared with those with a much stronger one on several configurations. From this test we estimate that the truncation error in hadron propagators on each configuration is smaller than 5% of our final statistical error for any particle at any time slice.
The numbers of iterations needed to calculate quark propagators are listed in Table XLIV . The number is approximately proportional to the inverse of the quark mass defined by (1/Ϫ1/ c )/2, where c is the critical hopping parameter.
Our exponentially smeared source, Eq. ͑18͒, is motivated from a result of the JLQCD Collaboration for the pion wave function,
which was well reproduced by a single-exponential function ⌿(r)ϭA exp(ϪBr) except at the origin ⌿(0)Ϸ1.0 ͓21͔. The coefficient A and slope B of the JLQCD Collaboration can be parametrized as 
APPENDIX C: HADRON PROPAGATORS
For masons we employ the operators defined by
where f and g are quark fields with flavors f and g, and ⌫ A is one of the 16 spin matrices
With these operators, we calculate 16 meson propagators For the spin-1/2 octet baryons we take the operators defined by
where a, b, c are color indices, Cϭ␥ 4 ␥ 2 is the charge conjugation matrix, and ␣ϭ1, 2 represents the spin state, up or down, of the octet baryon. To distinguish ⌺-and ⌳-like octet baryons, we antisymmetrize flavor indices, written symbolically as
with ͓ f g͔ϭ f gϪg f . The spin-3/2 decuplet baryon operators are given by
Writing out the spin structure ͑, ␣͒ explicitly, we obtain
where ⌫ Ϯ ϭ(␥ 1 ϯi␥ 2 )/2, ⌫ 0 ϭ␥ 3 , and the subscript of D denotes the z component of the spin. With these operators, we calculate eight baryon propagators given by
together with eight antibaryon propagators defined by the same expressions with the baryon operators replaced by antibaryon operators. To enhance the signal, we average zeromomentum propagators on a configuration over all states with the same quantum numbers: three polarization states for the vector meson and two ͑four͒ spin states for the octet ͑decuplet͒ baryon. We also average the propagators for the particle and the antiparticle-i.e., meson propagators at t and L t Ϫt are averaged-and baryon propagators for particle at t and those for antiparticle at L t Ϫt are averaged. Errors of the propagators are estimated treating the data thus obtained as being statistically independent.
APPENDIX D: CORRELATED FITS FOR CHIRAL EXTRAPOLATION
A difficulty in a correlated chiral extrapolation is that the size of the full covariance matrix ͑error matrix͒ C(t, 1 2 ;tЈ, 1 Ј 2 Ј) is very large and the matrix becomes close to a singular matrix so that C Ϫ1 necessary for 2 fits cannot be estimated reliably. When we make a fit for both degenerate and nondegenerate data simultaneously, the size of C becomes of order 200, e.g., (28Ϫ10ϩ1)ϫ11ϭ209 for fitting range ͓10,28͔ used for 11 combinations of quark 
͑D1͒
where G(t, 2 ) are data of hadron propagators and G 0 (t, 2 ) is a fitting function, e.g., G 0 (t, 2 )ϭA( 2 )exp͓Ϫm( 2 )t͔ for baryons. The masses m( 2 ) thus determined are in general different from those obtained by individual 2 fits for each 2 . The difference is small for most cases, though it occasionally amounts to 1.2. We use masses from the full correlated fits for later analyses. Results remain essentially the same if masses from individual fits are used. We then calculate an error matrix ⌺ for the fit parameters by
where D is the Jacobian defined by FIG. 45 . Octet baryon mass in the chiral limit vs the lattice spacing. The leftmost point represents the value in the continuum limit, but determined from the chiral fit in the continuum limit. 
Ϫ0.38͑77͒ 
where f ( 2 ) is the fitting function we try and the matrix ⌺( 2 , 2 Ј) is the submatrix among the masses of the full error matrix ⌺ in Eq. ͑D2͒. This procedure works well only when the full covariance matrix C is reliably determined. Although the condition number of C is as large as 10 14 -10 15 for degenerate fits and 10 12 -10 13 for nondegenerate fits, small eigenvalues and the corresponding eigenvectors responsible for full 2 are determined well. The jackknife error for these quantities is of the order of 10% ͑20% at ␤ϭ6.47). The error sometimes increases to 50% for large eigenvalues. We think that it causes no problem because the corresponding eigenmodes have no significant contribution to full 2 .
In fully correlated chiral fits, full 2 should be close to N df . For pseudoscalar mesons, we choose the fitting range carefully to satisfy this condition ͑see Table XLV͒. We use the common ranges for both QPT fits in Sec. VI A and quadratic polynomial fits in Sec. VI D.
For vector mesons and baryons, we employ uncorrelated QPT chiral extrapolations made simultaneously to hadron masses with degenerate and nondegenerate quark masses. In addition, we perform fully correlated polynomial chiral fits. With our choice of fitting ranges for the former, we observe that full 2 /N df for the latter are much larger than unity, although errors of full 2 /N df are also large. After trial and error, discarding data around tϷt min in degenerate propagators at ϭs 1 and s 2 and/or u 1 leads to full 2 /N df Ϸ1. We therefore use different ranges for polynomial chiral fits from those for QPT fits, noting that masses for these cases do not change significantly.
For the mass-mass covariance matrix ⌺, the condition number is O(10 4 ) and all errors for eigenvalues and eigenvectors are contained within 25% of central values. Hence we are able to perform numerically reliable full correlated chiral extrapolations. To keep consistency with the presence of QPT singularity shown by the ratio tests in Sec. V A, we decide to employ QPT fits ͑fits 5 and 5n) for the main course of our analyses and use quadratic fits ͑fits 2 and 2n) for estimations of systematic errors from the chiral extrapolation.
APPENDIX F: TEST OF QPT MASS FORMULA FOR VECTOR MESONS AND BARYONS
Lowest-order QPT mass formulas for vector mesons ͓17͔ and baryons ͓18͔ can be written as
where C i are polynomials of the couplings in the quenched chiral Lagrangian. We find that it is difficult to constrain all coupling parameters ͑6 for vector mesons and 11 for baryons in addition to ␦ and ␣ ⌽ ) under the limitation of the accuracy of our mass data and the number of data points. We therefore set ␦ϭ0.1 and ␣ ⌽ ϭ0, and drop the couplings of the flavorsinglet pseudoscalar meson to vector mesons and baryons. We also set f ϭ132 MeV unless otherwise stated.
Vector mesons
The lowest-order QPT formula for vector mesons ͓17͔ is given by We calculate y and x for all ten combinations of 1 and 2 . Equation ͑F7͒ is obtained also for nondegenerate cases, with y and x replaced by more complicated expressions. We obtain 15 data points for y and x from all combinations satisfying (u i s j ) (u i Јs j Ј).
In Figs. 46 and 47 we show plots of y versus x for degenerate and nondegenerate cases, respectively. Data for y are fitted well by a linear function of x, and intercepts are negative taking a value in the range Ϫ0.3-0.0. These results suggest that the O(m PS 2 ) term in Eq. ͑F7͒ and hence C 3/2 in Eq.
͑F6͒ or C D and C N in Eq. ͑F2͒ are small. We find that C 1/2 is negative, but much smaller in magnitude than the phenomenological estimate ϷϪ0.71.
b. Chiral fit
We make a fit, Eq. ͑F2͒, directly to the vector meson mass data, treating the degenerate and nondegenerate cases simultaneously. We ignore correlations among masses for different quark masses, or else the size of the full covariance matrix becomes too large to obtain reliable matrix elements.
We find that the QPT fit keeping all five fitting parameters is unstable; the covariance matrix for the fit parameters becomes close to singular with the condition number of O(10 8 -10 9 ).
Dropping the O(m PS
3 ) terms, the fit becomes more stable with the condition numbers of O(10 4 -10 6 ). The fit reproduces the data equally well as that including the O(m PS 3 ) terms as illustrated in Fig. 27 for the degenerate data at ␤ ϭ5.90 ͑the baryon fits in this figure are discussed below͒. Equivalently, 2 /N df of at most 0.8 obtained without the O(m PS 3 ) terms are comparable to 0.9 including the O(m PS 3 ) terms. Taking the stability of fits as a guide, we adopt the fit without the O(m PS 3 ) terms for vector mesons. This choice also agrees with a small value of C 3/2 observed in the ratio test.
For the coefficient of the leading chiral singularity, we obtain C 1/2 ϭϪ0.058(27), Ϫ0.075͑28͒, Ϫ0.065͑35͒, and Ϫ0.155͑72͒ at ␤ϭ5.90, 6.10, 6.25, and 6.47, respectively, which are stable under variation of ␤. Taking a weighted average, we find C 1/2 ϭϪ0.071(8), which is much smaller than a phenomenological estimate C 1/2 ϭϪ4g 2 2 ␦ϭϪ0.71 (␦ϭ0.1). The value C 1/2 ϭϪ0.13(10) obtained from chiral fits in the continuum limit ͑Sec. X͒ also supports this conclusion. A much larger value of C 1/2 ϷϪ0.6 to Ϫ0.7 is reported in Ref. ͓29͔. One possible origin of the difference is the finite-size effects in Ref. ͓29͔.
Decuplet baryons
Keeping terms up to O(m PS
3 ), the QPT formula for decuplet baryon masses is given by ͓18͔ 
a. Ratio test
For the degenerate case, the formula ͑F10͒ reduces to the cubic polynomial as in Eq. ͑F1͒, where
2 . ͑F11͒ Therefore, we can perform a ratio test by constructing y and x, which are similar to those for vector mesons.
As Fig. 48 shows, we observe C 1/2 ϷϪ0.1 from the intercept and a small value of C 3/2 from the linearity of the data. The negative value for C 1/2 is consistent with the negative sign in Eq. ͑F11͒.
b. Chiral fit
We study direct fits of the decuplet baryon mass data to the mass formula ͑F10͒ using degenerate and nondegenerate masses simultaneously. Since C 3/2 is small in the ratio test, we consider fits with and without the O(m PS 3 ) terms in Eq. ͑F10͒. We note that the number of parameters is the same ͑4͒.
The two types of fits are indistinguishable. Both yield 2 /N df Ϸ0.5 with the condition number of the covariance matrix of O(10 6 -10 7 ), and the fitting curves are nearly identical in the range of our data points. See Fig. 27 for the results at ␤ϭ5.90.
The fits without the O(m PS 3 ) terms give H 2 ϭ0.65(13), 0.55͑15͒, 0.39͑15͒, and 0.70͑40͒ and C 1/2 ϭϪ(5␦/6)H 2 ϭ Ϫ0.169(33), Ϫ0.145͑39͒, Ϫ0.101͑40͒, and Ϫ0.18͑10͒ for ␤ϭ5.90, 6.10, 6.25, and 6.47, respectively. Results at different ␤ are consistent with each other, and the weighted average C 1/2 ϭϪ0.14(1) is consistent with the estimate ϷϪ0.1 from the ratio test.
Including the O(m PS
3 ) terms reduces the C 1/2 coefficient to C 1/2 ϭϪ0.020(29), Ϫ0.019͑32͒, Ϫ0.031͑28͒, and Ϫ0.204͑73͒ for ␤ϭ5.90, 6.10, 6.25, and 6.47, which are much smaller than the values from the ratio test.
Considering the consistency with the ratio test, we employ the mass formula without the O(m PS 3 ) terms in the main analyses and use the fits with the O(m PS 3 ) terms for error estimations.
For the adopted fit, C 2 is consistent with zero within ϳ2. Setting C 2 ϭ0 does not change the decuplet baryon masses at the physical point by more than 0.5 for all ␤ values. We keep, however, the term proportional to C 2 since it is the same order as the term proportional to H 2 .
Octet baryon
The QPT mass formulas we consider for octet baryons are written as The negative sign of C 1/2 suggests that the degenerate octet mass is a concave function of m PS 2 for sufficiently light quarks. On the other hand, our data exhibit a convex ͑i.e., negative͒ curvature as shown in Fig. 27 . A negative curvature is also observed in Ref. ͓6͔ for the Kogut-Susskind action. We consider that the negative curvature is due to O(m PS 3 ) terms and that they have a large effect for the range of quark masses covered by our data.
In Fig. 49 we show the ratio test as in Eq. ͑F7͒ for degenerate quark masses. If O(m PS 2 ) terms in Eq. ͑F7͒ or, equivalently, the O(m PS 3 ) terms in the mass formula are negligible, one would obtain C 1/2 Ϸ0.6, which is opposite in sign compared to Eq. ͑F14͒.
b. Chiral fit
For octet baryons, it is natural to fit ⌺-and ⌳-like baryons simultaneously, because many coefficients of individual terms are related with each other. In these fits we need to include the O(m PS 3 ) terms to reproduce the negative curvature while maintaining consistency with QPT.
We find that the six-parameter fit as indicated by Eqs. ͑F12͒ and ͑F13͒ shows several local minima in parameter space, and the minimization procedure converges to different minima depending on the jackknife ensemble. Some parameters exhibit irregular dependence on the lattice spacing, e.g., Fϭ0.150(20) , 0.139͑25͒, 0.103͑43͒, and 0.247͑49͒ for ␤ ϭ5. 90, 6.10, 6.25, and 6.47 .
Recalling that the octet-decuplet coupling C is zero within 2 in the decuplet baryon fit, we set Cϭ0 for octet baryons and obtain stable fits, e.g., Fϭ0.334(14) , 0.326͑14͒, 0.315͑13͒, and 0.299͑31͒ for ␤ϭ5. 90, 6.10, 6.25, and 6.47. In view of the stability of parameters, we employ the simplified fit (Cϭ0). The fits are almost indistinguishable from those keeping C 0 in the range of measured points. See Fig. 27 .
For the coefficient of the leading chiral singularity, we obtain C 1/2 ϭϪ0.118(4) as the weighted average over the four values of ␤. This is smaller than a phenomenological estimate C 1/2 ϭϪ(3␦/2)(DϪ3F) 2 ϷϪ0.27 assuming ␦ ϭ0.1, Fϭ0.5, and Dϭ0.75. The smallness of C 1/2 is not due to lattice cutoff effects, because C 1/2 ϭϪ0.09 (8) 
